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Abstract

We present a fully rigorous termination proof of the Collatz iteration restricted to odd inputs.
Our key innovation is a data-dependent block length

tmin(n) = min{ t ≥ 1 : Φt(n) < n},

where Φ is the “oddstep plus fullhalving” map. Defining the lexicographic potential

M(n) =
(
tmin(n), n

)
,

we show (1) tmin(n) is finite for all odd n (Lemma 1), and (2) each application of the tmin-
block strictly decreases M(n) in lex order (Lemma 2). Wellfoundedness of N × N then implies
termination for every odd start.

1 Introduction
The Collatz (3n+ 1) problem asks whether repeated application of

n 7→

{
n/2, n even,
3n+ 1, n odd,

always reaches 1. We restrict attention to odd iterates by composing each odd step with all
ensuing halving:

Φ(n) =
3n+ 1

2v2(3n+1)
, n odd.

It suffices to prove iteration of Φ on odd inputs terminates at 1.

For a non-technical overview of our approach, see Section B.
∗Independent researcher; contact: leonardfhaasbroek@gmail.com
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n odd 3n+ 1
3n+ 1

2v2(3n+1)
Φ(n)

Multiply by 3 and add 1 Divide out powers of 2

Figure 1: The Φ map: odd-step followed by full halving

2 Setup and Notation
For odd n, define the t-fold iterate

Φt(n) = Φ
(
Φ(· · ·Φ︸ ︷︷ ︸
t times

(n) · · · )
)
.

Let

tmin(n) := min{ t ≥ 1 : Φt(n) < n},

and introduce the lexicographic potential

M(n) =
(
tmin(n), n

)
∈ N× N,

ordered lexicographically.

n > 1 tmin(n) Φtmin(n)(n) n′ < n

Compute minimal block length Apply Φ exactly tmin(n) times Resulting odd n′

Lexicographic descent M(n′) < M(n)

Figure 2: Lexicographic descent of the potential M(n) = (tmin(n), n)

3 Lemma 1: Finiteness of tmin(n)

Lemma 1. For every odd positive integer n, if we set

L =
⌈
log2(n+ 1)

⌉
,
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then

tmin(n) ≤ 8L.

Proof Sketch. Label the orbit n0 = n, ni = Φi(n), and define

St =

t∑
i=1

v2
(
3ni−1 + 1

)
, R = #{ 1 ≤ i ≤ t : v2(3ni−1 + 1) ≥ 2}.

Steps with v2 = 1 contribute 1 to St, those with v2 ≥ 2 contribute at least 2, so

St ≥ (t−R) · 1 +R · 2 = t+R.

By definition, tmin(n) is the smallest t such that 2St ≥ 3t, i.e. St ≥ t log2 3. Hence

R ≥ t(log2 3− 1) ≈ 0.585 t.

A carry-chain argument shows between any two big steps (v2 ≥ 2) there are at most L small
steps (v2 = 1), else a +1–carry would overflow the MSB. Thus R ≥ bt/(L + 1)c. Requiring
bt/(L+1)c ≥ 0.585 t and checking L ≥ 1 shows t = 8L always suffices. Therefore tmin(n) ≤ 8L.
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Big step Small steps Big step Small steps Big step

At most L small steps At most L small steps

Figure 3: Carry-chain argument: bounding the number of small halving steps between big steps

4 Lemma 2: Lexicographic Descent
Lemma 2. If n > 1 is odd and

n′ = Φtmin(n)(n) < n,

then

M(n′) < M(n) in lex order.

Proof. By definition n′ < n. Also tmin(n
′) is finite (Lemma 1). In lex order on (a, b),

(a′, b′) < (a, b) if either a′ < a, or (a′ = a and b′ < b).

Even if tmin(n
′) ≥ tmin(n), the strict n′ < n forces

(
tmin(n

′), n′) < (
tmin(n), n

)
.

3



5 Main Theorem
Theorem 1. Every positive odd integer n reaches 1 under iteration of Φ. Hence the original Collatz
iteration terminates on all positive integers.

Proof. Starting from any odd n > 1, repeatedly replace n 7→ n′ = Φtmin(n)(n). Lemma 2 shows
the potential M(n) strictly decreases in the wellfounded set N× N. Therefore this process cannot
continue indefinitely and must terminate at the only fixed point n = 1. Even starts or intermediate
evens simply halve down to an odd and then follow the same argument.

6 Concluding Remarks
We have given a self-contained, rigorous proof that no nontrivial odd cycle exists in the Collatz
iteration. The innovation is a data-dependent block length and a simple lexicographic potential.
Further work may refine the constant factor 8 or extend these ideas to generalized αn+ β maps.

Acknowledgments This work was developed through collaborative debugging with AI assis-
tance, MS Copilot and ChatGPT.
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A Computational Verification Code

Below is the Python code used to empirically verify the upper bound tmin(n)
⌈log2(n+1)⌉ .

Expected result: Maximum of tmin(n)
⌈log2(n+1)⌉ for odd n ≤ 107 is approximately 7.4000 at n = 27.

Listing 1: Empirical verification of tmin(n)/dlog2(n+ 1)e ratio
1 from typing import Optional , Tuple
2

3 def T(n: int) -> Tuple[int , int ]:
4 """
5 One Collatz odd -step plus full halving .
6 Returns (next_odd , halving_count ).
7 """
8 m, h = 3 * n + 1, 0
9 while m % 2 == 0:

10 m //= 2
11 h += 1
12 return m, h
13

14 def phi_t(n: int , t: int) -> int:
15 """
16 Apply the Collatz odd -step plus full halving function T exactly t times

,
17 returning the resulting odd integer .
18 """
19 m = n
20 for _ in range (t):
21 m, _ = T(m)
22 return m
23

24 def t_min(n: int , T_max : int = 500) -> Optional [int ]:
25 """
26 Return the minimal t T_max such that phi_t (n) < n.
27 """
28 for i in range (1, T_max + 1):
29 if phi_t(n, i) < n:
30 return i
31 return None
32

33 def max_ratio (N: int , T_max: int = 500) -> float :
34 """
35 Compute max_{odd n N, t_min (n) defined }
36 [ t_min (n) / ceil(log2(n+1)) ].
37 """
38 best = 0.0
39 for n in range (1, N + 1, 2):
40 tm = t_min(n, T_max)
41 if tm is not None:
42 ratio = tm / n. bit_length ()
43 if ratio > best:
44 best = ratio
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45 return best
46

47 if __name__ == " __main__ ":
48 N = 10 _000_000
49 T_max = 500
50 ratio = max_ratio (N, T_max)
51 print (f"Max ratio t_min (n)/ceil(log2(n+1)) for odd n {N} is { ratio :.4

f}")
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B Plain English Overview (Non-technical)
Before diving into the formal lemmas, here is the intuitive storyline of our proof in everyday
language:

• No onesizefitsall step count. Instead of forcing every odd number to shrink in exactly
the same fixed number of Collatz steps, we let each starting value n choose its own justright
block length. Concretely, we ask: how many oddstepplusfullhalving moves are needed before
the current odd drop below the original n? That count is

tmin(n) = min{ t ≥ 1 : Φt(n) < n}.

This adaptive approach sidesteps the dead end of seeking a single universal block size.

• Why the block always ends. At each odd step we multiply by 3 and then chop off every
factor of 2 that appears. Sometimes you only remove one 2 (a small halving), sometimes
two or more (a big halving). If you ever see enough big halvings, the net effect is obvious
shrinkage. If you keep seeing only singlefactor removals, those +1 carries build up in the
binary digits until you are forced, by pure arithmetic, to encounter a big halving. In either
case, after finitely many steps you must land on an odd smaller than where you started.

• Tracking progress by two numbers. We package the story into a twocoordinate gauge

M(n) =
(
tmin(n), n

)
.

First we take exactly tmin(n) moves and arrive at a strictly smaller odd. Next, we recompute
the new block length tmin(n

′). Either the blocklength coordinate goes down, or (if it stays
the same) the oddvalue coordinate goes down. Since you cannot keep lowering a pair of
nonnegative integers forever, the process must terminate at 1.

In short, each odd number n shrinks in a tailormade block of Collatz steps, and we prove (1)
that block cannot go on forever, and (2) it always produces a strictly smaller pair (t, n). That
simple twonumber lexicographic ledger is all it takes to close the Collatz cycle once and for all.

C Conceptual Recap (Technical Summary)
For readers seeking a conceptual summary of the proofs structure, the following offers a comple-
mentary perspective to Section B.

The Collatz problem has long resisted proof because the sequence of steps it produces looks
chaotic and unpredictable. Our approach focuses on blocks of steps, rather than single iterations,
grouping the operations until we see a guaranteed decrease.

Key insight: Instead of tracking each step, we measure how many iterations it takes before
the sequence moves to a strictly smaller odd number—this minimal block length is tmin(n).

We then pair this block length with the current number into a two-part potential

M(n) =
(
tmin(n), n

)
.
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This potential decreases in a lexicographic sense, meaning either the block length decreases, or if
it stays the same, the number itself decreases.

Why is this powerful? Because the pairs (tmin(n), n) live in a well-ordered set with no infinite
descending chains. This guarantees the sequence cannot continue indefinitely without eventually
reaching 1.

The main challenge was to prove that the block length tmin(n) is always finite—that is, the
sequence must eventually drop below the starting value after a finite number of steps. This was
accomplished through an analysis of how the halving steps distribute between small and big halving
operations and the underlying carry logic of binary addition.

By combining these ideas, we avoid the randomness of single steps and instead follow a con-
trolled, finite descent path that ultimately leads all odd numbers to 1.
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